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primal fuzzy basic FBFS is not at hand. The fuzajaldsimplex

Keywords: method needs to an initial dual FBFS. Furthermdinere exists a
Fuzzy Linear shortcoming in the fuzzy dual simplex method whdwe tdual

Programming, Ranking, fegsibility or equivalently Fhe primal optimalitg inot at hanq and in
Symmetric Trapezoidal this case, the fuzzy dual simplex method can’tdeddor solving FLP
Fuzzy Numbers. problem. In this paper, a fuzzy Big-M method is gweed to solve

these problems in which the primal FBFS is not ilgaalailable. A
numerical example is given to illustrate the pragbmethod.

1. Introduction

The basic concepts of fuzzy decision making weawrd firoposed by Bellman and Zadeh [1].
Tanaka et al. [2] adopted these concepts for splamathematical programming problems.
Zimmermann [3] initially proposed FLP formulatioy bising of both the minimum operator
and the product operator. Afterwards, several astbhonsidered different kinds of the FLP
problems and proposed several approaches for gallkese problems. Maleki et al. [4] used
the concept of comparison of fuzzy numbers and gseg a new method for solving linear
programming problems with fuzzy variables usingaariliary problem. Maleki [5] proposed

a new method for solving linear programming proldewith vagueness in constraints by
using a certain ranking function. Mishmast Nehiakt[6] used the lexicographic ranking
function to solve fuzzy number linear programmimglgpems. Nasseri et al. [7, 8] developed
the fuzzy primal simplex algorithms for solving bdtizzy number linear programming and
FLP with fuzzy variables problems. Safi et al. jBjroduced a geometric approach for
solving FLP problems with fuzzy goal and fuzzy doamists in two-dimensional space.

Allahviranloo et al. [10] proposed a new methoddolving fully FLP problems by applying

the concept of comparison of fuzzy numbers. Hogseleh Lotfi et al. [11] discussed fully
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FLP problems with triangular fuzzy numbers. Ebraiéad and Nasseri [12] developed the
complementary slackness theorem for solving FLI Wwizzy parameters. Kumar et al. [13]
proposed a generalized simplex algorithm for sgvan FLP problem with ranking of
generalized fuzzy numbers. Nasseri et al. [14] psed a fuzzy two-phase method for
solving FLP with fuzzy variables problems.

In addition, Ganesan and Veeramani [15] introduaddzzy primal simplex algorithm for
solving FLP problem with symmetric trapezoidal fuzzumbers. Ebrahimnejad et al. [16]
generalized their method for situations in whicilmsoor all variables are restricted to lie
within fuzzy lower and fuzzy upper bounds. Ebrihajad and Nasseri [17] developed a new
fuzzy dual simplex algorithm by using the dualitihish has been proposed by Nasseri et al.
[18, 19]. Kheirfam and Verdegay [20] studied sewisit analysis for these problems when
the data are perturbed, while the fuzzy optimaltsoh remains invariant. Fuzzy primal and
dual simplex algorithms have been developed wighassumption that an initial FBFS is at
hand. In many cases, finding such a FBFS is ndtilseavailable and some works may be
needed to get the fuzzy primal simplex algorithrartsd. In this paper, a fuzzy Big-M
method is proposed to solve these problems in wihiehinitial FBFS is not readily available.
This paper is organized as follows: In section Pheadbasic definitions and arithmetics
between two symmetric trapezoidal fuzzy numberseveewed. A review of formulation of
FLP problem and the method proposed by Ganesanvaedamani [15] for solving this
problem are given in section 3. In section 4 a yuBzg-M method is proposed for FLP
problems with the assumption that an initial FBESnot readily available. A numerical
example is solved in section 5. Finally, conclusiane discussed in section 6.

2. Preliminaries

Here, some necessary definitions and arithmeticatip@s of fuzzy numbers are presented.
Definition 2.1 A fuzzy numbera on reaRnumbers is said to be a symmetric trapezoidal fuzzy
number if there exist real numbees,anda” , a- <a’ and h>0 such that

(%L_h) al —h<x<adl
1 al<x<al ()
a(x) = _ U
) MaUSxSaUHl
0 else

A symmetric trapezoidal fuzzy number is denoted-aa",a’ ,h)when h=0:4=(a",a")

the set of all symmetric trapezoidal fuzzy numbaem®byF(R). The symmetric trapezoidal
fuzzy number is shown in Figure 1.
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a(x)

Figure 1. A symmetric trapezoidal fuzzy number

Remark 2.1 In this paper, a large fuzzy number is consideredvVa=(M ,M )and M is
mathematicall — +oo .
Let d=(a",a” ,h)andb = (b",b" .k ) be two symmetric trapezoidal fuzzy numbers.
The arithmetic operations on these fuzzy numbefelksvs:
Addition: &+b =(@" +b",a” +b ,h+k)
Subtractiond—b =(a" -b" ,a” —b",h+k)
Scalar multiplicationd e R, 7d = (1a", 2a” |4|h)
t+a’ | bt +bY a“-+a’ |, b" +b"

Multiplication:éb~=((a; )WL E—S e )+w,,\auk+buh\)

Wherew =ﬁ—;“,a — min{a'b",a"b” ,a’b",a’b"} and = maxfa'b*,ab¥ ,a’bt ,a’bY }

Definition 2.2 Let 4=(a",a”,h)and b =(b",b" ,k)be two symmetric trapezoidal fuzzy
numbers. Define the relatioagand~ as
@ < bif and only if

L _ U L _ U ~
@-hy+@ +h) (b k);(b k) in this case can be writirg< b

2
L (V] L V]
or ;a :b ;b bt <a" anda’ <b"
L U L V]
or ;a :b ;b .a-=b",a” =b” andh <k

In these cases can be saying shahdb are equivalent(a zl:;)

3. Fuzzy Linear Programming

Letd = (a;)mxn€ = (¢))1xns b = (B)mx1,% = (X))1xn Wherea;; e R(i =1,2,..,m , j =
1,2,..,n) andb; ,c;,x; € F(R), b;,% » 0Then

minz = ¢x

s.t.AX = b (I
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=0

is said to be a FLP.

Definition 3.1 Any fuzzy vectof = (F(R))"is called a fuzzy feasible solution to (ll¥ihon-
negativity restrictions and satisfies the consteaof the problem.

Definition 3.2 A fuzzy feasible solutiofy, is said to be a fuzzy optimal solution for (Il)
iféx, < ¢x for all fuzzy feasible solutiohfor (I1).

Definition 3.3 Let the i-th fuzzy constraint of (Il) bE}-; a;;% < b; whereb; > 0 then a
fuzzy variablé; such tha; > 0 andY}_, a;;% +S; = b; is said be a fuzzy slack variable.
Definition 3.4 Let the i-th fuzzy constraint of (Il) bE}.; a;%; > b; whereb; > 0 then a
fuzzy variablé; such thatS$; > 0 and X7, a;;% —S; ~ b; is said be a fuzzy surplus
variable.

The standard form of FLP problem (1) as follows

minZ = CX (1)
s.t.A¥ = b

=0

Definitions 3.5 Given a system of m fuzzy linear equation involvsygnmetric trapezoidal
fuzzy number in n unknowmd¥ ~ b where rank (A)=m. Let B any matrix mxm the basis
matrix formed by m linearly independent columns A&f Then vecta = (%5, )T =
(B~'b, 0), is a FBFS also can be sayifigis a fuzzy basic solutiofiz > 0

Suppose a FBFS of (lll) with basis B is at hand.jiebe the solution ®y; = a;. And fuzzy
objective value ig; = ¢zy; = ¢gB™'a;.

Theorem 3.1 If there exists a FBFS with fuzzy objective valusuch that, — &, > 0 for
some non-basic fuzzy varialilg andy, > 0, then it is possible to obtain a new FBFS with
new fuzzy objective value That satisfiez < Z. See in [15].

Theorem 3.2 If there exists a FBER — &, > 0 for some non-basic fuzzy variabigs
andy, < 0, then the FLP problem (Ill) has an unbounded ogtisolution. See in [7].
Theorem 3.3 If a fuzzy basic solutioz = B™*b , %y = 0 is feasible (lll) andZ; — & < 0
for all j,1 < j < n, then the fuzzy basic solution is a fuzzy optirealution to (lll). See in
[19].

Ganesan and Veeramani [15] based on these the@m@mmpgsed a new algorithm for solving
FLP problems in which the initial FBFS is at hahigre, a summary of their method is given:
Algorithm 3.1 A fuzzy primal simplex method for FLP

Initialization step
Choose a starting FBFS with Basis B. Form theahtableau similar to Table 1.
Main step
e Stepl. Calculaty —¢; for all nonbasic variables. Suppése ¢ = (df,d/,d;).
Letdy, + d} = max;er{d} + d{}where T is the index set of the current nonbasic
variables. Iflk + d < 0 then stop; the current solution is optimal. Ottieey go to
step 2 withx,as entering variable.
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Table 1. The current fuzzy basic feasible solution

Basis X1 X, Xm %; Xy RHS
V 0 0 0 7 — ¢ T

fl 1 0 0 yll Y1k El
%, 0 1 0 Vrj Yk b,
Zom 0 0 1 Vmj Yok b,

e Step2. Ley, = B lay. Ify, < 0, then stop; the problem is unbounded. Otherwise,
Supposs; = (El-L, 5’ pl-)and determine the index of the variajeleaving the basis
as follows:

by+b," bi"+b;”

2 = min 2
Yrk 1sism YVik

Yik >0

e Step3. Update the basic B whegeeplacerg , and go to step 1.

4. TheFuzzy Big-M Method for Solving FLP Problems

4.1.Fuzzy Artificial Variables
All the inequalities of the constraints are congdrinto equation by introducing fuzzy slack
and fuzzy surplus variables. The coefficients @sthfuzzy slack and fuzzy surplus variables
are put equal to zero in the objective function.
After introducing fuzzy slack and fuzzy surplus iabtes, the constraints are put in the
formaidx ~ b,% > 0 where A is an mxn matrix ahd= Ois an m vector. Further suppose that
A does not have identity sub-matrix (if A has aantity sub-matrix then there is an obvious
starting FBFS). In this case, a fuzzy artificiatia@le is added to form a starting solution and
then the fuzzy primal simplex method is used torigedf these fuzzy artificial variables.
To illustrate, suppose that restrictions are chdngg adding a fuzzy artificial vect®r
leading to the systemdX¥ +R~b %,R > 0. This forces an identity sub-matrix
corresponding to the fuzzy artificial vector angteg an immediate FBFS of the new system,
namelR ~ bandt =~ 0.
Now there is a starting FBFS and the fuzzy prinmalpgex method can be applied. In original
problem, these fuzzy artificial variables must becéd to zero, becaus# ~ b if and only if
A% + R =~ b withR ~ 0.

4.2.The Fuzzy Big-M Method
In fuzzy Big-M method the fuzzy artificial varialsleare not part of the original FLP model,
they are assigned a very high penalty in the oljedtinction, thus forcing them (eventually)
to equal zero in the optimum solution. This willvays be the case if the problem has a
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FBFS. In the Big-M method, using of the penaitywhich by definition must be large
relative to the actual objective coefficients of thodel.

To illustrate, a FLP Problem (lll) is solved if mmnvenient basis is known, the fuzzy
artificial vectorR is introduced this leads to the following system:

Ax+R=~b %,R>0 (V)

The Starting FBFS is given ¥~ b, ¥ ~ 0. In order to reflect the undesir ability of a non-
zero fuzzy artificial vector, the objective funatics modified such that a large penalty is paid
for any such solution. The following problem is\ssd:

minz ~ ¢x + MR

s.st.Ax+R=~b V)
LR=0

whereM = (M, M) is a very large fuzzy number. The tédiR can be interpreted as a penalty
to be pained by any solution wRhe 0. Therefore the fuzzy primal simplex method itself
will try to get the fuzzy artificial variables owif the basis, and then continue to find the
fuzzy optimal solution of the original problem.

Now, the possible cases that are presented mag/\ahite solving the fuzzy Big-M problem:
since problem (V) has a FBFS (&ay b, =~ 0), then while solving it by the fuzzy primal
simplex method one of the following two cases miasea

1. Conclude that (V) has a fuzzy optimal solution.

2. Conclude that (V) has an unbounded optimal swiut

Casel. Finite fuzzy optimal solution of (V)

Under this case, there are two possibilities:

(): (%o, 0)is a fuzzy optimal solution of (V)

(i): (%,Ry) is a fuzzy optimal solution of (V) aiy % 0

Case2. FLP problem (V) has an unbounded

Under this case, there are two possibilities:

(): 2, — & = max(Z; — &) > 0,y, < 0, and all fuzzy artificial variables are equal to@

(ii): Z, — & ~ max(Z; — &) > 0,y, <0, and not all fuzzy artificial variables are equal
zero.

5. A Numerical Example

For an illustration of the above method a FLP peablis solved. Consider the following
problem:

minZ = (8,12,6)%; + (4,8,6)X,

s.t. X +6X, > (46,52,2)

4%, + 2%, > (42,48,4)

%,%, 20

The standard form of the FLP problem becomes

minZ ~ (8,12,6)%; + (4,8,6)%,

s.t. ¥ +6%,— S; ~ (46,52,2)

4%, + 2%, — S, ~ (42,48,4)



7 Fuzzy Big-M Method for Solving Fuzzy Linear Programs with Trapezoidal Fuzzy Numbers

%1,%2,5,S, #0
As it’s seen no initial fuzzy basic variables isa#dable and hence we may use the fuzzy Big-
M method to solve the problem. Therefore, the obthanges into the following form:
min Z ~ (8,12,6)%; + (4,8,6)%, + (M, M)R, + (M, M)R,
s.t. ¥ +6X%,— S; + R, ~ (46,52,2)
4%, + 2%, — S, + R, ~ (42,48,4)
%1, %2, 81,5, R, Ry =0
The problem is written in the tableau form as:
Table 2. The initial fuzzy simplex tableau

Basis %, %, S S, R, R, RHS
Z (-12,-8,6) (-8,-4,6) 0 0 (-M,-M) (-M,-M) -
R, 1 6 10 1 0 (46,52,2)
R, 4 2 0 -1 0 1 (42,48,4)

Becaus&,,R, are fuzzy variables, so the cost row must be etpuakero. Hence, the next

tableau will be as following:
Table 3. The change step

Basis %y %, S S, R, R, RHS
z (5M-12,5M-8,6)  (8M-8,8M-4,6)  (MM)  (M-M) 0 O -
R, 1 6 -1 0 1 0 (46522
R, 4 2 0 -1 0 1  (42484)

From the above tableat — @M

46+52 42+48

fuzzy variable anelz— < ; , SOR; is a leaving fuzzy variable. Then after pivotinige

is greater than others, &g is an entering

next tableau is given as:

Table 4. The first iteration
Basis % %, S S, R, R, RHS

M—-4 M-2 2—4M 4—-4M

- 11M—34 11M—20 ~ -
Z ( 3 ’ 3 !7) 0 (TaT!l) (_Mv_M) ( 3 ' 3 11) 0 -

- 1 1 1 46 52 2
X2 E 1 - g O E O (?, ?Ig)
- 11 1 1 74 98 14
e 3 ° 3 1 3 1 Gad)
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11M—-34 11M-20

A 2
2

According to the above tabledy — ¢;:

74,98 46 52
3 3 6 6

and—+— < —+—, SR, is a leaving fuzzy variable. The last tableauiigeg in the below

3 6
(Now all fuzzy artificial variables leave the bgsis
Table 5. The optimal solution

, SOX; is an entering fuzzy variable

Basis %, %, S S, R, R, RHS
~ ~ ~ —8 4 18 —34 20 21 —11M—-4 —-11M+8 18 —11M+20 —11M+37 21
z 0 0 STUTUR o Cuno oo oo -
2 1 2 1
5 0 1 _Z 1 2 1 @8 s
11 22 11 22 11711711
1 -3 1 3
% 1 0 1 -3 1 3 74 98 14
11 11 11 11 111111

Therefore the fuzzy optimal solution of the FLP lgean which is obtained by the fuzzy Big-

M method isx; = (%,%,%), X —(68 & i)andthe fuzzy optimal value of its objective

“Y1711711
825 1801 1302

function i€ = (F'T'T)

6. Conclusions

In this paper, a fuzzy Big-M method proposes fdvieg fuzzy linear programming problem
in which the element of coefficient matrix of thenstraints are represented by real number
and rest of the parameters are represented by symrrapezoidal fuzzy number and this
method proposed for solving this problem in whikk primal FBFS is not readily available
without converting to the classical linear prograimgrproblem.
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